The Green's function for wave propagation can be extracted by cross-correlating field fluctuations excited on a closed surface that surrounds the employed receivers. This study treats an acoustic multiple scattering medium with discrete scatterers and show that for a given source the cross-correlation of waves propagating along most combinations of scattering paths gives unphysical arrivals. Because theory predicts that the true Green's function is retrieved, such unphysical arrivals must cancel after integration over all sources. This cancellation occurs because the scattering amplitude of each scatterer satisfies the generalized optical theorem. The cross-correlation of scattered waves with themselves does not lead to the correct retrieval of scattered waves, because the cross-terms between the direct and scattered waves is essential.
INTRODUCTION
The extraction of the Green's function for wave propagation by correlation of field fluctuations is an active area of research in a variety of different fields that has reached the stage where material is documented in review papers and books (Larose et al., 2006; Curtis et al., 2006; Wapenaar et al., 2008; Schuster, 2009; Snieder et al., 2009; Wapenaar et al., 2010a; Wapenaar et al., 2010b) . The central idea is that field fluctations recorded at two points lead after cross-correlation to the superposition of the causal and time-reversed Green's function for wave propagation between those points. This principle has recently been extended to other types of fields Snieder et al., 2007; Weaver, 2008; Gouédard et al., 2008) , including static fields Snieder et al., 2010) . Green's function retrieval for the acoustic waves treated here is based on the cross-correlation of field fluctuations that are excited by sources with equal power spectrum that are located on a closed surface surrounding the used receivers (Derode et al., 2003; Wapenaar et al., 2005) . When these sources are located on a spherical surface ∂V where the waves satisfy a radiation boundary condition, the principle of Green's function extraction for acoustic waves is, in the frequency domain, formulated as (Snieder et al., 2007) H ∂V G(rP , r)G * (rQ, r)dS
where rP and rQ denote the locations of receivers. In this expression we assumed that the density ρ and velocity c are constant on the boundary ∂V , and the asterisk denotes complex conjugation. Throughout this paper we use a formulation in the frequency domain using the following Fourier convention: F (t) = R f (ω) exp(−iωt)dω. For brevity we omit the frequency dependence in the remainder of this work.
For media with discrete scatterers or reflectors, the Green's function can be seen as a superposition of the waves that propagate along all possible scattering paths. Both Green's functions in the left hand side of equation (1) contain a sum over all scattering paths from the integration point r to the locations rP and rQ, respectively. The left hand side of expression (1) therefore consists of a double sum over scattering paths that end at rP and rQ, respectively. An example of two such paths is shown in figure 1. Let us denote the travel time for the path on the left as tS1AP and the path on the right as tS2BQ. In the time domain, the arrival time of the cross-correlation is given by the difference of the arrival times of the waves that are being cross-correlated. The Figure 1 . Two scattering paths from a source S to receivers at points P and Q where the first scatterer along each path is different.
cross-correlation of the waves that propagate along the paths of figure 1 thus produces a wave arriving at time tS1AP − tS2BQ. This travel time does not correspond to a physical wave that propagates between the points P and Q via the scattering path A12B. Such a contribution thus is a spurious arrival that does not correspond to a physical wave. These spurious arrivals arise because of the cross-correlation of wave propagating along different scattering paths, we refer to such contributions as cross terms. Expression (1) guarantees, though, that the left hand side gives the true Green's function after integration over surrounding sources, hence the spurious arrivals should disappear after integration over all sources. Earlier work treated the cancellation of spurious arrival in the case of one scatterer (Snieder et al., 2008) , here we analyze the mechanism by which spurious arrivals cancel upon integration over sources in multiple scattering acoustic media with isolated scatterers.
Let us consider the cross-terms between different scattering paths in more detail. When we consider two different scattering paths that propagate from a source S to receivers P and Q, there are two possibilities; the first scatterer along these paths is the same (figure 2), or the first scatterer on both paths is different (figure 1). Suppose that there are M scatterers in the medium, then there are M ways in which one can choose the first scatterer in figure 2. In contrast, for the cross-terms along the paths shown in figure 1 the are M (M − 1) ways to choose the first scatterers along those paths. For a medium with many scatterers, the cross-terms in figure 1 are thus more prevalent than the cross-terms shown in figure 2. We show in this work that despite the fact that that number of scattering paths shown in figure 1 is much larger than those in figure 2, it is the superposition of the scattering paths in both figures that leads to the cancellation of spurious arrivals.
We review the employed scattering theory in section 2. In section 3 we show how the integrals that arise in the cross-correlation can be evaluated in the stationary phase approximation. In section 4 we derive the central result that the sum of these contributions vanishes Figure 2 . Two scattering paths from a source S to receivers at points P and Q that share the first scatterer along the paths.
by virtue of the generalized optical theorem. In section 5 we evaluate the final nonzero contribution of the crosscorrelation of waves that propagate from the source to scatterers to a common scattering path, and show that this correctly gives the scattered wave that propagates along that path. An essential element in the cancellation is that one needs cross-terms of the direct wave and scattered waves. In fact, when the Green's function retrieval is based on scattered waves only, the spurious arrivals do not vanish and one does not retrieve the scattered waves. Numerical examples of this principle and an alternative derivation for a general linear system are shown in a companion paper (Fleury et al., 2010) .
THE MULTIPLE SCATTERED WAVES
In this work we consider a homogeneous acoustic medium in which isolated scatterers are embedded. The employed acoustic wave equation is given by
where ρ is the mass density, κ the bulk modulus, and q the (injection) source. The Green's function G(r, r0) is defined as the solution of expression (2) with q(r) = δ(r − r0). The Green's function of the homogeneous reference medium in which the scatterers are embedded is
where k = ω p ρ/κ is the wavenumber. Scatterer j has scattering amplitude fj(n,n ) (Morse & Ingard, 1968; Martin, 2006) , wheren is the direction of the incoming wave andn the direction of the outgoing wave. The contribution to the Green's function of the wave propagating from a source at r0 via scatterers 1 · · · N at locations r1, · · · , rN to a receiver at r is given by Figure 3 . Definition of geometric variables for a scattering path involving N scatterers.
where the unit vectorni points from ri to ri+1. In this expression, the propagation between scatterers i and j is denoted by exp(ik|ri − rj|)/|ri − rj|. This description of scattering is valid when the scatterers are in each other's far field. When this condition is not valid one can expand the scattering coefficients in a sum over spherical harmonics and replace the propagators by spherical Hankel functions (Martin, 2006) ; in that case the analysis presented here is not applicable. The same scatterer can occur twice, or more, along the path, allowing for loops.
In the remainder of this work we focus on one particular scattering path, the treatment presented here is applicable to each scattering path separately. For brevity we introduce the following notation
where the corresponding scattering path and variables are defined in figure 3 . This quantity describes the wave propagation for a wave incident from direction n on scatterer 1, and then propagates via scatterers 1, 2, · · · , N − 1 to location rN . A comparison of expressions (4) and (5) shows that
Throughout this work we use the notations rIJ = rJ − rI and rIJ = |rIJ | ,
hence in expression (6), r01 = r1 −r0 is the vector pointing from a source at r0 to the position r1 of the first scatterer along the path considered.
SPURIOUS ARRIVALS FROM CROSS-TERMS
The waves traveling from the source S to receivers at rP and rQ either encounter different scatterers as the first scatterer along their paths, as shown in figure 1, or they may encounter the same first scatterer along their paths, see figure 2. In the notation of figure 1 we denote the first scatterers encountered on the two scattering paths by the labels "1" and "2", respectively. The next points along these paths are denoted with the labels "A" and "B". These points can either be scatterers, or the receivers where the wave field is recorded. The scatterers along the path considered are not necessarily spatially adjacent, the figures only show them in spatial order for reasons of clarity. The scattering paths beyond points A and B is independent of the location of the source, and in the following we don't show the continuation of those paths to the receivers P and Q. We consider the scattering diagrams shown in figure 4. These diagrams show all the waves that propagate from the source and visit the scatterers 1 and 2 one or two times. As mentioned earlier, we do not show the fate of the waves beyond the points A and B because this part of the wave paths does not change during the integration over the sources on ∂V . There are five such diagrams, in the following we compute the contribution of each diagram to the cross-correlation. We evaluate the contribution of each diagram using the stationary phase approximation (Bleistein & Handelsman, 1975; Snieder, 2004) which becomes exact as the surface ∂V goes to infinity (van de Hulst, 1949) . Note that the diagrams T1 and T2 are topologically identical in the sense that both diagram describe a cross term between scattered waves that travel from the source to consecutive scatterers along the scattering path. Diagram T2 follows from diagram T1 by substituting 1 → A and 2 → 1. In section 5 we take into account that the cross-correlation of scattered waves also contains cross-terms from scattering paths that propagate directly from the source to scatterers A and 1 instead of the scatterers 1 and 2.
We first analyze the term T1 that corresponds to the diagram in the top left of figure 4. Using expressions (4) and (5), the wave that propagates along the left path of term T1 in figure 4 from the source S via the scatterer A a receiver P is given by
where GA···P (r1A) accounts for the propagation from scatterer A to receiver P along the scattering path. The subscript S refers to the source location. The unit vector r1A is defined using expression (7). Similarly, the wave propagating along the right path of term T1 in figure 4 is given by
Figure 4. Scattering diagrams for wave propagation from a source S to points A and B that visit the scatterers 1 and 2 one or two times. For simplicity the scattering paths from scatterer A to receiver P and scatterer B to receiver Q are not shown.
Figure 5. Stationary points for the source integration in expression (11) for term T 1 .
The contribution to the cross-correlation of these two paths is given by
where the integration is over sources on a spherical surface surrounding the scatterers and the receivers. Rearranging terms, T1 can be written as
The surface integral can be evaluated with the stationary phase approximation following the steps taken by Snieder et al. (2008) . Instead of repeating these steps, we recognize that, apart from the terms containing the scattering amplitude, the surface integral is equal to the superposition of the causal and a-causal unperturbed Green's function of equation (3):
where the first and last identities follow from equation (3) and the second equality from expression (1). We use this result in the stationary phase approximation of the integral (11), but must insert the stationary phase locations for the source position in the variables that depend on the source position. Following the analysis of Snieder et al. (2008) , the surface integral in equation (11) has two stationary phase points that are shown in figure 5. For the stationary phase point in the left panel of figure 5 ,rS1 =rS2 =r12, and rS1 − rS2 = −r12. For the stationary phase point of the right panelrS1 =rS2 = −r12, and rS1 − rS2 = r12. Using these results, expression (11) is in the stationary phase approximation given by
Note that apart from contributions from the scattering amplitude, the phase of the first term in this expression is given by k(r1A + r12 − r2B). In the time domain this corresponds to a wave arriving at time t = (r1A + r12 − r2B)/c, where c is the wave velocity of the reference medium. This wave, with an arrival time that depends on the difference of the travel times (rA1 + r12)/c and r2B/c along the scattering path rather than its sum, does not correspond to a physical arrival. The same consideration holds for the second term in expression (13), whose phase depends on k(r1A − r12 − r2B). Hence both terms of T1 are spurious arrivals that must ultimately be cancelled by other terms.
CANCELLATION OF THE SPURIOUS ARRIVALS
In this section we analyze the contributions of the diagrams T2 through T5 shown in figure 4. Using expression (4), the term T2 can be written as
rS1 GB···Q(r2B)
The integral can be evaluated in the stationary phase approximation We consider the contribution of the stationary phase using expression (12) and evaluate the scattering amplitude for incoming waves excited at each stationary source position. The stationary phase points are shown in figure 6 , and their contribution is given by T2 = T21 + T22 with
and
where we usedrS1 =rA1 for the stationary phase point in the left panel of figure 6 that, andrS1 =r1A for the other stationary point. Note that the directions 1A and A1 are reversed in expressions (15) and (16) because of the opposite orientation of the stationary phase points in figure 6. In the time domain term T21 corresponds to a wave arriving at time t = (r1A − r2B − r12)/c. Because it contains the difference of arrival times, it does not correspond to any physical wave that propagates between the scatterers. Term T3 can be obtained from the analysis for T2 by interchanging points A and B, points 1 and 2 and taking the complex conjugate. Applying these substitutions to expression (15) gives for the spurious arrival of T31 due to one of the stationary phase points
where we used thatr21 = −r12. This is, again, a spurious arrival because it corresponds to a wave arriving at a time difference t = (r1A − r2B + r12)/c. The contribution from the other stationary phase point follows by making the substitutions given above in expression (16) and is given by
Using equation (4) the contributions to term T4 of the paths shown in figure 4 are given by
r2B f2(r2B,r12) e ikr 12 r12 f1(r12,rS1) e ikr S1 rS1 GB···Q(r2B)
The surface element dS is related to the increment dΩ in solid angle by the relation (1/r 2 S1 )dS = dΩ. ReplacingrS1, which depends on the source position over which we integrate, by a new integration variabler gives
Term T5 of figure 4 follows from this expression by interchanging A ↔ B, 1 ↔ 2, and taking the complex conjugate
Note that T4 and T5 also depend on the difference of path length, and thus are unphysical arrivals. The sum Tspur = T1 + T21 + T31 + T4 + T5 of the spurious terms of equations (13), (15), (17), (20) and (21) gives after a rearrangement of terms
with
The scatterers 1 and 2 must both satisfy the generalized optical theorem
This theorem has been derived for quantum mechanics (Heisenberg, 1943; Glauber & Schomaker, 1953) and acoustics (Marston, 2001) . By virtue of this theorem, both F1 and F2 in expressions (23) and (24) vanish. Because of equation (22) the sum Tspur of the spurious arrivals of the diagrams of figure 4 is thus equal to zero. Since the sum T1 + T21 + T31 + T4 + T5 vanishes, the only nonzero contribution comes from the terms T22 and T32, hence the sum T = T1 + T2 + T3 + T4 + T5 of all diagrams in figure 4 is given by
In the next section we consider the sum of the diagrams T1 through T5 and their contribution to expression (26) for all scatterers along the scattering path, and we treat the sum of all those contributions. Figure 7 . Two different ways of accounting for the crossterms of two scattering paths.
THE ENDPOINT CONTRIBUTIONS FROM A SCATTERING PATH
According to equation (26) the total contribution of the diagrams T1 through T5 of figure 4 reduces to the term T22 of figure 6 and a corresponding diagram T32 that connects to scatterer B. We consider the stationary source position for term T22 in figure 7 , but now we have added the next scatterer along the path from scatterer A, and call this scatterer C. Comparing diagram T22 of figure 6 with diagram T11 of figure 5 one recognizes that diagram T22 can be interpreted in two ways: first, as illustrated in figure 7 it can be seen either as diagram T11 of the scatterers CA12, because it follows from diagram T11 in figure 5 by replacing A12B → CA12. Second, it can be seen as diagram T22 of the scatterers A12B because it is identical to the diagram shown in the right panel of figure 6 . Ultimately, the cross-correlation of all waves excited by the source S that visit scatterers along the scattering path under consideration contains a sum over pairs of scatterers along that path. In the previous section, we called those scatterers 1 and 2, but the cross-correlation also contains a contribution from the scatterers A and 1 as shown in figure 7. We should avoid counting such a contribution twice, because, as shown in figure 7 this scattering diagram corresponds to the cross-correlation of the same waves. Therefore the contribution T22 for the scatterers A12B plays the role of contribution T11 of the scatterers CA12 and contributes to the cancellation of the terms T2 through T5 for the scatterers CA12. This means that the endpoint contribution for the scatterers A12B (indicated by the solid path in figure 8 ) contributes to the cancellation of the terms T1 through T5 for the scatterers CA12 (indicated by the dashed lines in figure 8 ). The diagrams T1 through T5 thus cancel when one sums the contribution of adjacent sets of four scatterers along the scattering path. This cancellation stops when one reaches one of the ends of the scattering path at one of the receivers; in figure 8 the three scatterers and receiver P that give a nonzero endpoint contribution are connected by dotted lines. According to expression (26), the net remaining Figure 8 . The terms T 1 + T 2 + T 3 + T 4 + T 5 cancel for the scatterers connected by the solid lines, for those connected by the dashed lines, and for those connected by the dashed lines. In the end only the path from the receiver P to the first scatterer along the path gives a nonzero contribution (with a similar contribution from receiver Q to the last scatterer along the path).
contribution is given by the cross-term of the direct wave that propagates to the receiver P and a scattered wave that propagates to scatterer C. Because of symmetry, there is a similar contribution from receiver Q.
In the following we evaluate the contribution of equation (26) at the endpoints of the scattering path. As argued above, the contributions of expression (26) that end at the receivers P or Q are the only terms that give a nonzero contribution. For ease of notation, we rename the scatterers along the path with indices 1, 2, · · · , N ; this index enumarates the scatterers along the path starting at receiver P . We first consider the cross-term that remains at the end of scattering path at receiver P as shown in figure 9 . This cross-term consists of the the direct wave G0 that travels to receiver P with the scattered wave G path 1···N S that propagates along the scatterers 1, · · · N to receiver Q.
The contribution of this cross-term is, in the notation of figure 9, given by
Since we only need to account for the equivalent of term T22 we consider the contribution of the stationary phase point shown in figure 9 , and using equation (12), the contribution of this stationary phase point is given by Figure 9 . The stationary source position that gives a nonzero contribution the scattering path P 1 · · · N Q.
where we used that at the stationary pointrS1 =rP 1, and expression (6) in the second identity. As indicated in figure 9 , this contribution consists of the correlation of the direct wave G0(rP , rS), that propagates from the source to the receiver at rP with the scattered wave G path 1···N S (rQ, rS), that travels from the source via scatterers 1 · · · N to the receiver at rQ. The contribution from the term T32 at the other end of the scattering path follows by taking the complex conjugate, replacing P and Q, and reversing the order of the scatterers (1 · · · N → N · · · 1), which gives
where we used reciprocity in the last identity. Adding the contributions from equations (28) and (30) finally yields
This is nothing but expression (1) for the wave propagating along the scattering path under consideration.
DISCUSSION
We have shown for a multiple scattering system with discrete scatterers that the cross-correlation of different scattering paths vanishes when one integrates over all sources on a surface that bound the region with scatterers and receivers. One might think that the cancellation of spurious arrivals occurs because the phase of each of these arrivals is different for different pairs of scattering paths and that the resulting destructive interference causes the spurious arrivals to cancel, but this is not the reason. The cancellation process involves the sum of the five scattering diagrams shown in figure 4 , and the sum of these scattering diagrams vanishes because every scatterer must satisfy the generalized optical theorem. The cancellation of spurious arrivals for multiple scattered waves shown here complements an earlier proof that for an isolated scatterer the spurious arrivals cancel (Snieder et al., 2008) . Because of the extremely large number of spurious cross-terms in a multiple scattering medium, the cancellation of spurious arrivals is much more important in a multiple scattering medium than in a medium with just one scatterer. For weakly scattering media where scattering can be treated in the Born approximation, the cross-terms of scattered waves with scattered waves is of higher order and can thus be ignored in Green's function extraction (Sato, 2009; Sato, 2010) .
It is essential in the cancellation of the spurious arrivals that the power spectrum of the sources on the boundary ∂V is constant and that sources are present everywhere on this boundary because these requirements ensure that the surface integral in the Green's function extraction is adequately sampled. If these conditions are not met, the angular integrals in the terms T1 through T5 are multiplied with variations in the power spectrum and/or spatial density of sources, and as a result the spurious arrivals may not cancel (Snieder et al., 2008; Fan & Snieder, 2009 ). This is important for practical reasons, since in applications there may be gaps in the source distribution on ∂V , and even if sources are present everywhere on ∂V , the power spectrum of these source may vary. In that case the spurious arrivals may contaminate estimates for the Green's function obtained from cross-correlation of field fluctuations.
As shown in sections 4 and 5, the extraction of the wave propagating along the scattering path considered follows from the cross-correlation of the direct wave propagating to one receiver with the scattered wave propagating along the scattering path to the other receiver, because cross-terms between scattered waves ultimately cancel. Suppose one estimates the Green's function by cross-correlating scattered waves only. In that case the cross-terms of scattered waves with the direct wave is missing and the extracted Green's function contains spurious arrivals. It has been noted earlier that the cross-correlation of scattered waves with scattered waves does not give the scattered waves (Snieder et al., 2008; Snieder et al., 2006) , and this study confirms that conclusion for multiple scattering media. The failure to extract scattered waves by cross-correlating only scattered waves is ultimately due to the fact that the scattered waves do not satisfy the wave equation . We show in a companion paper (Fleury et al., 2010) a general theory applicable to a large class of linear differential equations that confirms that cross-correlating perturbed fields does not lead to retrieval of field perturbations, and show a numerical example for wave propagation that shows that the scattered waves are only extracted by cross-correlation when the direct wave is included. The cancellation of spurious arrivals can also be shown using a diagrammatic analysis (Margerin & Sato, 2010) .
